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Abstract 
In this paper, we have compared r.e. sets based on their enumeration orders with Turing 
machines. Accordingly, we have defined novel concept “uniformity” for Turing machines 
and r.e. sets and have studied some relationships between “uniformity” and both one-
reducibility and Turing reducibility.   
Furthermore, we have defined “type-2 uniformity” concept and studied r.e. sets and Turing 
machines based on this concept.  
In the end, we have introduced a new structure called “Turing Output Binary Search Tree” 
that helps us lighten some ideas. 
Keywords: Turing machine, Turing output binary search tree, listing, uniformity, type-2 
uniformity 
 
1 Introduction 
Computability theory introduces partial functions ݂: ك ܰ ՜ ܰ by means of Turing 
machines. Let ܣ be an r.e. set. Infinite numbers of Turing machines produce the elements 
of ܣ and their enumeration orders may be different. Now assume that ܣ is a decidable set. 
We can design some Turing machines to produce the elements of ܣ in a desirable 
enumeration order. For instance, some Turing machines produce the elements of ܣ in 
ascendant usual order. Unlike decidable sets, this fact is not true for non-decidable r.e. sets.  
In section 2, we introduce some new concepts to compare Turing machines and other 
concepts to compare r.e. sets based on their enumeration orders. In this section, a relation 
named “uniformity” is defined to compare r.e. sets and Turing machines. We prove that 
this relation is equivalence. In section 3, we found some relationships between 
“uniformity” and both one-reducibility and Turing reducibility. Some results in sections 2 
and 3 motivated us to extend uniformity to type-2 uniformity in section 4. In this section, 
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we obtained some results based on type-2 uniformity. Finally, in section 6, we introduce a 
novel structure named by Turing Output Binary Search Tree and show that it is a proper 
tool to show some ideas about enumeration orders of elements of r.e. sets.  
We used the standard notions from recursion theory [6]. The set ሼ1,2, … ሽ of natural 
numbers is denoted by ܰ. The ݊th recursively enumerable set is denoted by ௡ܹ. 
 
2 Uniformity on listings and sets 
In this section, we define some concepts to compare different Turing machines and their 
generated sets upon their enumeration orders. 
Let ܣ ك ܰ be an infinite non-empty recursively enumerable set. There are some total 
computable functions ݄: ܰ ՜ ܣ such that ܣ ൌ ሼ݄ሺ1ሻ, ݄ሺ2ሻ, … ሽ (If the set ܣ is finite then 
ܣ ൌ ሼ݄ሺ1ሻ, ݄ሺ2ሻ, … , ݄ሺ݊ሻሽ for ݊ ൌ ܿܽݎ݈݀݅݊ܽ݅ݐݕሺܣሻ and ݄ should be a partial function). In 
this paper, we call function ݄ a listing of ܣ.  
 
Definition 2.1 A listing of an r.e. set ܣ ك ܰ is a bijective and surjective computable 
function ݂: ك ܰ ՜ ܣ.  
We can assign a listing to each Turing machine. Indeed a listing shows the enumeration 
order of output elements of the related Turing machine. 
 
Definition 2.2 (Uniformity on listings and sets)  
1. Two listings ݄, ݃ are uniform, ݄~݃, if ݄ሺ݅ሻ ൏ ݄ሺ݆ሻ ฻ ݃ሺ݅ሻ ൏ ݃ሺ݆ሻ for 
all ݅, ݆ א ܰ. 
2. Two r.e. subsets ܣ, ܤ of ܰ with equal cardinality are uniform, ܣ~ܤ, if there 
exist listings ݄ of ܣ and ݃ of ܤ such that ݄~݃. 
 
Theorem 2.3 For r.e. sets ܣ, ܤ with equal cardinality the following statements are 
equivalent: 
1. ܣ~ܤ, 
2. For every listing ݄ of ܣ there is a listing ݃ of ܤ such that ݄~݃.  
Proof:  
1่2: Let ܣ~ܤ. Then there exist listings ݄Ԣ of ܣ and ݃Ԣ of ܤ such that ݄Ԣ~݃Ԣ. Consider an 
arbitrary listing ݄ of ܣ. We want to define a listing ݃ of ܤ such that ݄~݃. 
Consider        ݃ ൌ ݃ᇱ݋݄ᇱିଵ݋݄. It is evident that ݃ is a listing of ܤ. We claim that ݄~݃. 
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Consider ݅, ݆ א ܰ and ݄ሺ݅ሻ ൏ ݄ሺ݆ሻ. Assume that ݄ሺ݅ሻ ൌ ܽଵ א ܣ and ݄ሺ݆ሻ ൌ ܽଶ א ܣ. Since 
listings are surjective functions, there exist ݉, ݇ א ܰ such that ݄ᇱሺ݇ሻ ൌ ܽଵ and ݄ᇱሺ݉ሻ ൌ
ܽଶ.  
݄ሺ݅ሻ ൏ ݄ሺ݆ሻ ฺ ݄ᇱሺ݇ሻ ൏ ݄ᇱሺ݉ሻ ฺ ݃ᇱሺ݇ሻ ൏ ݃ᇱሺ݉ሻ ฺ ݃ᇱ݋݄ᇱିଵሺܽଵሻ ൏ ݃ᇱ݋݄ᇱ
ିଵሺܽଶሻ ฺ
݃ᇱ݋݄ᇱିଵ݄ሺ݅ሻ ൏ ݃ᇱ݋݄ᇱିଵ݄ሺ݆ሻ ฺ ݃ሺ݅ሻ ൏ ݃ሺ݆ሻ ฺ ݄~݃  
2่1: it is evident…. ᇝ 
 
Lemma 2.4 The uniformity relation,~, on listings and sets is equivalence.  
Proof: It is evident that uniformity on listings is an equivalence relation. This deduced 
directly from definition. Since the reflexivity and symmetric properties hold for "~" on 
listings, we can deduce easily that these properties hold for "~" on sets. Now it is 
sufficient to prove that the transitivity property holds for this relation on sets. Consider 
three sets ܣ, ܤ, ܥ such that ܣ~ܤ and ܤ~ܥ. Then there exist two listings ݄ of ܣ and ݃ of ܤ 
such that ݄~݃. According to lemma 2.3 there is a listing ݂ of ܥ such that ݃~݂. Since 
transitivity holds for "~" on listings, we can deduce that ݄~݂, so ܣ~ܥ. ᇝ  
Let ܣ be an r.e. subset of ܰ. We say ሾܣሿ~ ൌ ሼܤ ك  ܰ| ܣ ~ ܤሽ is the “uniformity 
equivalence class” of ܣ.  
 
We illustrate the above concepts by the following example. 
Example 2.5   Consider two listings ݄ of the set ܣ ൌ ሼ2݅: ݅ א ܰ ሽ  and ݃ of the set 
ܤ ൌ  ܰ െ ሼ1ሽ such that for all ݅ א ܰ , ݄ሺ݅ሻ ൌ 2݅ and ݃ሺ݅ሻ ൌ ݅ ൅ 1. It is clear that for 
all ݅, ݆ א ܰ, ݄ሺ݅ሻ ൏ ݄ሺ݆ሻ ฻ ݃ሺ݅ሻ ൏ ݃ሺ݆ሻ , so ݄~݃ . Therefore, ܣ~ܤ.□ 
 
Lemma 2.6 Two finite sets with equal cardinality are uniform.  
Proof:  Consider two sets ܣ, ܤ are finite subsets of ܰ with equal cardinality. Since every 
finite subset of ܰ is recursive, there exist listings ݄ of ܣ and ݃ of ܤ such that for all 
݅, ݆ א ݀݋݉ሺ݄ሻ, ݅ ൏ ݆ ฻ ݄ሺ݅ሻ ൏ ݄ሺ݆ሻ and  ݂݋ݎ ݈݈ܽ ݅, ݆ א ݀݋݉ሺ݃ሻ, ݅ ൏ ݆ ฻ ݃ሺ݅ሻ ൏ ݃ሺ݆ሻ. 
Cardinality of these two sets is equal and thus these two listings are uniform. Hence, two 
sets ܣ, ܤ are uniform. ᇝ 
 
In the following, we introduce two sets that are not uniform. Henceforth, we consider 
ܭ = ሼ ݊ ∈ Ν  |  ݊ ∈ ௡ܹ ሽ as usual. 
 Lemma 2.7 Two sets ܰ and ܭ are not uniform. 
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Proof: For the sake of a contradiction, assume that these two sets are uniform.  The 
identity function ݅݀: ܰ ՜ ܰ is a listing of ܰ. Then, according to lemma 2.3, there exists a 
listing ݃ of ܭ such that ݄~݃. Therefore, for all  ݅, ݆ א ܰ, ݅ ൏ ݆ ฻ ݃ሺ݅ሻ ൏ ݃ሺ݆ሻ. But this 
cannot be true. This is a contradiction. □ 
 
3 One-reducibility, Turing-reducibility and uniformity  
In this section, we want to explore some relationships between both one-reducibility & 
Turing-reducibility and uniformity on sets. First, we investigate one-reducibility 
equivalence classes.  
Lemma 3.1 Consider a non-decidable r.e. set ܣ such that there is not any Turing machine 
to obtain minimum element of it. Two sets ܣ and ܤ ൌ  ܣ ׫ ሼ1ሽ are not uniform.  
Proof: For the sake of a contradiction, assume that these two sets are uniform. Consider a 
listing ݄ of ܤ such that ݄ሺ1ሻ ൌ 1. Then there exists a listing ݃ of ܣ such that ݄~݃. Since 
݄ሺ1ሻ is the minimum element of ܤ then ݃ሺ1ሻ should be the minimum element of ܣ. This 
shows that we could compute the minimum element of ܣ. It leads us to Contradiction. □ 
 
Lemma 3.2 Two sets ܣ ൌ ሼ2݅: ݅ א ܰ ሽ and ܤ ൌ  ܰ െ ሼ1ሽ do not belong to the same one-
reducibility equivalence class.  
Proof: For the sake of a contradiction, assume that these two sets belong to the same one-
reducibility equivalence class. In the sense of the definition of one-reducibility, two sets Aୡ 
and Bୡ are of equal cardinality. Aୡ is an infinite set and in contrast, the cardinality of Bୡ 
is 1. This is a contradiction. □ 
 
Proposition 3.3 If two r.e. sets belong to same “one-reducibility equivalence class”, then 
they do not belong necessarily to same “uniformity equivalence class”.  
Proof: Consider a non-decidable r.e. set ܣ such that there is not any Turing machine for 
obtain minimum element of it. In the lemma 3.1, we proved that ܣ and ܣ ׫ ሼ1ሽ are not 
uniform, whereas these sets belong to on-reducibility equivalence class ሾܣሿଵି௥௘ௗ௨௖௜௕௜௟௜௧௬. ᇝ 
 
Proposition 3.4 If two r.e. sets belong to the same “uniformity equivalence class”, then 
they do not belong necessarily to the same “one-reducibility equivalence class”. ᇝ 
Proof: In the example 2.5, we showed that two sets ܣ ൌ ሼ2݅: ݅ א ܰ ሽ and ܤ ൌ  ܰ െ ሼ1ሽ are 
uniform and in the lemma 3.2, we showed that they do not belong to the same one-
reducibility equivalence class.  
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Now in the sequel to this section we investigate some relationships between Turing-
reducibility and uniformity.  
For any r.e. sets ܣ and ܤ if A ؠଵ B then A ؠT B. Therefore, the following corollary is 
deduced from the proposition 3.3. 
Corollary 3.5 If two r.e. sets belong to the same Turing-reducibility equivalence class, 
then they do not belong necessarily to the same uniformity equivalence class. ᇝ  
 
In the following, we prove that if two sets belong to the same uniformity equivalence class 
then they belong to the same Turing-reducibility equivalence class. 
Theorem 3.6 If two r.e. sets ܣ and ܤ are uniform then they belong to the same Turing-
reducibility equivalence class. 
Proof: If two sets ܣ and ܤ are uniform then for any listing ݄ of ܣ there exists a listing ݃ of 
ܤ such that ݄~݃. Therefore, for all ݅, ݆ א ܰ, ݄ሺ݅ሻ ൏ ݄ሺ݆ሻ ฻ ݃ሺ݅ሻ ൏ ݃ሺ݆ሻ.This shows that 
ܤ is recursive relative to ܣ and symmetrically ܤ is recursive relative to ܣ. Therefore, 
  A ؠT B .  □ 
 
Theorem 3.6 shows that for any r.e. set ܣ,  ሾAሿ~  ك ሾAሿT. Now we want to prove that for 
any r.e. set ܣ ك  ܰ there are infinite numbers of uniformity equivalence classes such that 
they are subsets of the equivalence class ሾAሿ்.  
Theorem 3.7 Let ܣ be an r.e. set. There are infinite numbers of r.e. sets ܤ such that  
ሾBሿ~ ك ሾAሿ்.  
Proof: There exist two cases: 
CASE 1: ܣ is a decidable set.  
According to the lemma 2.6, all recursive sets of equal cardinality belong to the same 
uniformity equivalence class. We know that every recursive set is a member of the 
set ሾØሿ். Since all uniform sets are of equal cardinality, there exist infinite numbers of 
uniformity equivalence classes such that they are subsets of the equivalence classሾØሿ்.   
CASE 2: ܣ is a non-decidable r.e. set. We know that there is a set ܥ א ሾܣሿ் such that there 
is not any Turing machine to obtain minimum element of it. 
In the similar way as used in the lemma 3.1, we can deduce that any two distinct members 
of the set series ሺC୧ ൌ C ׫ ሼ1,2, . . . , iሽሻ୧אN are not uniform. Based on the theorem 3.6, we 
know that for any ݅ א ܰ, ൣC୧൧
~
ك ሾAሿ். Therefore, there are infinite numbers of uniformity 
equivalence classes such that they are subsets of the equivalence class ሾAሿ். ᇝ 
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4 Type-2 uniformity  
Adding some finite numbers of elements to some non-decidable r.e. sets, we obtained the 
non-uniform sets. You can see this in some previous lemmas and theorems such as lemma 
3.7. This fact motivates us to define type-2 uniformity relation. 
Definition 4.1 We say two sets ܣ, ܣԢ are almost equal, ܣ ൎ ܣԢ if ܣ׏ܣԢ(ሺܣ െ ܣᇱሻ ׫ ሺܣᇱ െ
ܣሻ) is a finite set.  
It is clear that ൎ is an equivalence relation.  
 
Definition 4.2 (Type-2 uniform sets)  
We say two sets ܣ and ܤ are type-2 uniform if there exist ܣᇱ, ܤԢ such that ܣ ൎ ܣԢ , ܤ ൎ ܤԢ 
and ܣԢ~ܤԢ.  
Since two finite sets of equal cardinality are type-2 uniform, henceforth we consider only 
infinite r.e. sets.  
 
Lemma 4.3 Two sets ܣ, ܤ are type-2 uniform, ܣ~ଶܤ, if, and only if, there exist finite sets 
ܥ, ܦ such that ܣ െ ܥ~ܤ െ ܦ. 
Proof: Consider ܣ~ଶܤ. In the sense of the definition 4.2, there exist two finite sets 
ܣᇱᇱ ൌ ሼܽᇱᇱଵ, … , ܽᇱᇱ௡ሽ and ܤᇱᇱ ൌ ሼܾᇱᇱଵ, … , ܾᇱᇱ௠ሽ such that one of the following cases is true: 
1. ሺܣ െ ܣᇱᇱሻ~ሺܤ െ ܤᇱᇱሻ, 
2. ሺܣ െ ܣᇱᇱሻ~ሺܤ ׫ ܤᇱᇱሻ, 
3. ሺܣ ׫ ܣᇱᇱሻ~ሺܤ െ ܤᇱᇱሻ, 
4. ሺܣ ׫ ܣᇱᇱሻ~ሺܤ ׫ ܤᇱᇱሻ. 
Since the cases 2 and 3 are similar, we consider only two cases 2, and 4.   
CASE 2: Let ݄ be a listing of ܤ. We define a listing ݂ of ሺܤ ׫ ܤᇱᇱሻ as follows: 
݂ሺ݅ሻ ൌ ൜
ܾԢԢ௜           if 1 ൑ ݅ ൑ ݉ 
݄ሺ݅ െ ݉ሻ     otherwise
 
Since two sets ሺܣ െ ܣᇱᇱሻ and ሺܤ ׫ ܤᇱᇱሻ are uniform, there exists a listing ݐ of ሺܣ െ ܣᇱᇱሻ 
such that ݂~ݐ.  
We define a listing ݈ of ܣ െ ܣᇱᇱ െ ሼݐሺ1ሻ, … , ݐሺ݉ሻሽ as follows: for all ݅ א ܰ    ݈ሺ݅ሻ ൌ ݐሺ݅ ൅
݉ሻ. It is evident that listings ݈ and ݄ are uniform, so two sets ܣ െ ܣᇱᇱ െ ሼݐሺ1ሻ, … , ݐሺ݉ሻሽ 
and ܤ are uniform sets. We could reduce the case 2 to the case 1.   
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CASE 4: Let ݄ be a listing of ܤ. We define a listing ݂ of ሺܤ ׫ ܤᇱᇱሻ as follows: 
݂ሺ݅ሻ ൌ ൜
ܾԢԢ௜           if 1 ൑ ݅ ൑ ݉ 
݄ሺ݅ െ ݉ሻ     otherwise
 
Since two sets ሺܣ ׫ ܣᇱᇱሻ and ሺܤ ׫ ܤᇱᇱሻ are uniform, there exists a listing ݐ of ሺܣ ׫ ܣᇱᇱሻ 
such that ݂~ݐ.  
Let ݌ א ܰ be the minimum number such that for all ݅ א ܰ , ݐሺ݅ሻ א ሼܽᇱᇱଵ, … , ܽᇱᇱ௡ሽ ฺ ݅ ൑
݌. Consider two sets ܥ ൌ ܣ ׫ ܣᇱᇱ െ ሼݐሺ1ሻ, … , ݐሺmaxሺ݌, ݉ሻሻሽ and ܦ ൌ ܤ ׫ ܤᇱᇱ െ
ሼ݂ሺ1ሻ, … , ݂ሺmaxሺ݌, ݉ሻሻሽ. It is clear that ܣԢԢ ك ሼݐሺ1ሻ, … , ݐሺmaxሺ݌, ݉ሻሻሽ and ܤԢԢ ك
ሼ݂ሺ1ሻ, … , ݂ሺmaxሺ݌, ݉ሻሻሽ. Therefore, two sets ܣᇱ ൌ ሼݐሺ1ሻ, … , ݐሺmaxሺ݌, ݉ሻሻሽ െ ܣԢԢ and 
ܤᇱ ൌ ሼ݂ሺ1ሻ, … , ݂ሺmaxሺ݌, ݉ሻሻሽ െ ܤԢԢ are finite.  Since ሺܣ ׫ ܣᇱᇱሻ~ሺܤ ׫ ܤᇱᇱሻ and ݂~ݐ , the  
two sets ܣ െ ܣᇱand ܤ െ ܤԢ are uniform too. We could reduce the case 2 to the case 1. □ 
 
Definition 4.4 Two listings ݄, ݃ are called type-2 uniform, ݄~ଶ݃, if there exist ݉, ݊ א ܰ 
such that two uniform listings ݄ᇱ, ݃Ԣ are defined as follows: for all ݅ א ܰ   ݄ᇱሺ݅ሻ ൌ
݄ሺ݅ ൅ ݉ሻ, ݃ᇱሺ݅ሻ ൌ ݃ሺ݅ ൅ ݊ሻ. We say that ݉ and ݊ satisfy ݄ and ݃ respectively to be type-2 
uniform.  
 
Lemma 4.5 For infinite r.e. sets ܣ, ܤ the following statements are equivalent: 
1. ܣ~ଶܤ, 
2. There exist listings ݄ of ܣ and ݃ of ܤ such that ݄~ଶ݃, 
3. For any listing ݄ of ܣ there exists a listing ݃ of ܤ such that ݄~ଶ݃. 
Proof:  
1ฺ2: Assume that infinite r.e. sets ܣ, ܤ are type-2 uniform. According to the lemma 4.3, 
there exist finite sets ܣᇱ ൌ ሼܽᇱଵ, … , ܽᇱ௡ሽ, ܤᇱ ൌ ሼܾᇱଵ, … , ܾᇱ௠ሽ such that ሺܣ െ ܣᇱሻ~ሺܤ െ ܤᇱሻ. 
This means that there exist listings ݄ of ሺܣ െ ܣᇱሻ and ݃ of ሺܤ െ ܤᇱሻ such that ݄~݃. We 
define a listing ݂ of ܣ and ݐ of ܤ as follows:  
݂ሺݔሻ ൌ ൜
ܽᇱ௫,            1 ൑ ݔ ൑ ݊        
݄ሺݔ െ ݊ሻ        ݔ ൐ ݊          
 
ݐሺݔሻ ൌ ൜
ܾᇱ௫,            1 ൑ ݔ ൑ ݉        
݃ሺݔ െ ݊ሻ        ݔ ൐ ݉          
 
Therefore, for all ݅ א ܰ, ݄ሺ݅ሻ ൌ ݂ሺ݅ ൅ ݊ሻ and ݃ሺ݅ሻ ൌ ݐሺ݅ ൅ ݉ሻ. Since, two listings ݃, ݄ 
are type-2 uniform, ݂~ଶݐ.  
2ฺ1: Assume that two listings ݄ of ܣ and ݃ of ܤ are type-2 uniform. Then there are 
݉, ݊ א ܰ such that satisfy ݄ and ݃ respectively to be type-2 uniform. Therefore, two sets 
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ܣ െ ሼ݄ሺ1ሻ, … , ݄ሺ݉ሻሽ and ܤ െ ሼ݃ሺ1ሻ, … , ݃ሺ݊ሻሽ are uniform. This shows that two sets ܣ 
and ܤ are type-2 uniform, ܣ~ଶܤ.  
2ฺ3: Assume that two listings ݄ of ܣ and ݃ of ܤ are type-2 uniform and two numbers 
݉, ݊ satisfy ݄ and ݃ respectively to be type-2 uniform. Therefore, two sets ܣ െ
ሼ݄ሺ1ሻ, … , ݄ሺ݉ሻሽ and ܤ െ ሼ݃ሺ1ሻ, … , ݃ሺ݊ሻሽ are uniform. Consider that ݂ is a listing of ܣ. 
Let ݌ א ܰ be the minimum number such that for all ݅ א ܰ  ݂ሺ݅ሻ א ሼ݄ሺ1ሻ, . . , ݄ሺ݉ሻሽ ฺ ݅ ൑
݌. Since two sets ܣ െ ሼ݄ሺ1ሻ, … , ݄ሺ݉ሻሽ and ܤ െ ሼ݃ሺ1ሻ, … , ݃ሺ݊ሻሽ are uniform and 
ሼ݄ሺ1ሻ, … , ݄ሺ݉ሻሽ ك ሼ݂ሺ1ሻ, … , ݂ሺ݌ሻሽ, two sets ܣ െ ሼ݂ሺ1ሻ, … , ݂ሺ݌ሻሽ and 
ܤ െ ሼ݃ሺ1ሻ, … , ݃ሺ݊ ൅ ݌ െ ݉ሻሽ are uniform too. We define a listing ݂Ԣ as follows: for all 
݅ א ݊    ݂ᇱሺ݅ሻ ൌ ݂ሺ݅ ൅ ݌ሻ. ݂Ԣ is a listing of ܣ െ ሼ݂ሺ1ሻ, … , ݂ሺ݌ሻሽ  so there is a listing ݐᇱ of 
ܤ െ ሼ݃ሺ1ሻ, … , ݃ሺ݊ ൅ ݌ െ ݉ሻሽ such that ݂Ԣ~݃Ԣ. Now we define a listing ݐ of ܤ as follows: 
ݐሺݔሻ ൌ ൜
݃ሺݔሻ, ݔ ൑ ݊ ൅ ݌ െ ݉
ݐᇱሺ݅ െ ݊ െ ݌ ൅ ݉ሻ, ݔ ൐ ݊ ൅ ݌ െ ݉ 
Numbers ݌ and ሺ݊ ൅ ݌ െ ݉ሻ satisfy listings ݂ and ݐ respectively to be type-2 uniform. 
Therefore, for any listing ݂ of ܣ there exists a listing ݐ of ܤ such that ݂~ଶݐ.   
3ฺ2: It is evident.    □ 
 
Lemma 4.6 The type-2 uniformity ~ଶ relation on both listings and sets is an equivalence 
relation.  
Proof: Assume that two listings ݄ and ݃ are type-2 uniform. There are ݉, ݊ א ܰ such that 
satisfy ݄, ݃ respectively to be type-2 uniform. Therefore, two sets ܣ െ ሼ݄ሺ1ሻ, … , ݄ሺ݉ሻሽ 
and ܤ െ ሼ݃ሺ1ሻ, … , ݃ሺ݊ሻሽ are uniform. According to the lemma 2.4, uniformity on sets is 
an equivalence relation and thus type-2 uniformity on listings is an equivalence relation 
too.  
Now assume that two sets ܣ, ܤ are type-2 uniform. According to the lemma 4.5, there exist 
listings ݄ of ܣ and ݃ of ܤ such that ݄~ଶ݃. Since type-2 uniformity on listings is an 
equivalence relation, ~ଶ on sets is an equivalence relation too. □ 
We denote type-2 uniformity equivalence class of an r.e. set ܣ by                            
ሾܣሿ~మ ൌ ሼܤ ك  ܰ| ܣ ~ଶ ܤሽ. 
 
Notation: In the subsequent lemmas and theorems, we utilize the following notations for 
every two listings ݄ and ݃: 
1) For all ݉, ݊ א ܰ the notation ܧ௠,௡
௛,௚  denotes the set                                          
ሼሺ݅, ݆ሻ א ܰଶ| ݄ሺ݅ ൅ ݉ሻ ൏ ݄ሺ݆ ൅ ݉ሻ ܽ݊݀ ݃ሺ݅ ൅ ݊ሻ ൐ ݃ሺ݆ ൅ ݊ሻሽ , 
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2) For all ݉, ݊ א ܰ the notation ܯ௠,௡
௛,௚  denotes the set                                               
ሼ݅ א ܰ| ݐ݄݁ݎ݁ ݁ݔ݅ݏݐݏ ܽ ݆ א ܰ ݏݑ݄ܿ ݐ݄ܽݐ ሺ݅, ݆ሻ א ܧ௠,௡
௛,௚ ሽ. 
3) For all ݉, ݊ א ܰ the notation ܮ௠,௡
௛,௚  denotes the set                                                
ሼ݆ א ܰ| ݐ݄݁ݎ݁ ݁ݔ݅ݏݐݏ ܽ ݅ א ܰ ݏݑ݄ܿ ݐ݄ܽݐ ሺ݅, ݆ሻ א ܧ௠,௡
௛,௚ ሽ. 
 
Lemma 4.7 If listings ݄, ݃ are not type-2 uniform, then for all ݉, ݊ א ܰ, ܯ௠,௡
௛,௚  and ܮ௠,௡
௛,௚  
are infinite.  
Proof: For the sake of a contradiction, assume that ܮ௠,௡
௛,௚  and ܯ௠,௡
௛,௚  are finite. Now assume 
that ܽ ൌ ݉ܽݔሼ݅|݅ א ܯ௠,௡
௛,௚ ሽ and ܾ ൌ maxሼ݆| ݆ א ܮ௠,௡
௛,௚ ሽ. It is clear that two numbers ሺܽ ൅ ݉ሻ 
and ሺܾ ൅ ݊ሻ satisfy listings ݄, ݃ to be type-2 uniform. This leads us to a contradiction. □  
 
Lemma 4.8 Let r.e. sets ܣ, ܤ are not type-2 uniform. Consider an r.e. set ܥ such that 
ܣ م ܥ. ܣ ׫ ܥ and ܤ are not type-2 uniform.  
Proof: It is evident that the set of all listings of an r.e. set is enumerable. Assume that the 
listings of ܤ are ሼ݃ଵ, ݃ଶ, … ሽ. Let ݈ and ݄ be listings of ܥ െ ܣ and ܣ respectively.  
We define sequences ሼܵ௡ሽ௡אே , ሼܧ௡ሽ௡אே and ሼܫ௡ሽ௡אே as follows: 
ܵ௡ ൌ ൜
1            ݂݅ ݊ ൌ 1 
ܧ௡ିଵ ൅ ݊  ݋ݐ݄݁ݎݓ݅ݏ݁
 
ܧ௡ ൌ ܵ௡ כ 10 
ܫ௡ ൌ ܧ௡ െ ܵ௡ 
Now we want to define a listing ݂ of ܣ ׫ ܤ recursively based on the ݄, ݈ as follows:  
݂ሺݔሻ ൌ ቐ
݄ሺݔሻ                                      ݂݅ ܵ௡ ൑ ݔ ൑ ܧ௡                
݈ሺ݊ሻ                                        ݂݅ ݔ ൌ ܧ௡ ൅ 1                  
݄ሺܧ௡ିଵ ൅ ݔ െ ܧ௡ െ 1ሻ         ݂݅ ܧ௡ ൅ 2 ൑ ݔ ൏ ܵ௡ାଵ 
 
The following figure shows thoroughly the construction of ݂. 
 
Figure 4.1 
Since ܣ and ܤ are not type-2 uniform, for all ݅ א ܰ listings ݄ and ݃௜ are not type-2 
uniform and thus according to the lemma 4.7, ܮ௠,௡
௛,௚೔  and ܯ௠,௡
௛,௚೔ are infinite.  
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We claim that for all ݅ א ܰ, ݂ and ݃௜ are not type-2 uniform. For the sake of a 
contradiction, assume that there exist ݇, ݉, ݊ א ܰ such that for all ݅, ݆ א ܰ                   
݂ሺ݅ ൅ ݉ሻ ൏ ݂ሺ݆ ൅ ݉ሻ ฻ ݃௞ሺ݅ ൅ ݊ሻ ൏ ݃௞ሺ݆ ൅ ݊ሻ. ሾ1ሿ 
Since the sequence ሼܫ௡ሽ௡אே is ascendant, and ܮ௠,௡
௛,௚ೖ, ܯ௠,௡
௛,௚ೖ are infinite, there are ݌, ݅, ݆ א ܰ 
such that ܵ௣ ൑ ݅ ൅ ݉, ݆ ൅ ݉ ൑ ܧ௣ and ሺ݅, ݆ሻ א ܧ௠,௡
௛,௚ೖ. Since ݄ሺ݅ ൅ ݉ሻ ൌ ݂ሺ݅ ൅ ݉ሻ and 
݄ሺ݆ ൅ ݉ሻ ൌ ݂ሺ݆ ൅ ݉ሻ,  ݂ሺ݅ ൅ ݉ሻ ൏ ݂ሺ݆ ൅ ݉ሻܽ݊݀ ݃௞ሺ݅ ൅ ݊ሻ ൏ ݃௞ሺ݆ ൅ ݊ሻ. ሾ2ሿ  
ሾ1ሿ and ሾ2ሿ lead to a contradiction. □ 
 
In section 3, we argued that if two sets belong to the same “one-reducibility equivalence 
class”, then they do not belong necessarily to the same “uniformity equivalence class”. The 
lemma 3.1 supported it. In the following, we prove that this fact is true for type-2 
uniformity too.  
Lemma 4.9 If two sets belong to the same one-reducibility equivalence class, then they are 
not necessarily type-2 uniform.   
Proof: Let ܣ be a non-decidable r.e. set and  ܤ an infinite recursive set such that ܣ م ܤ. 
We can clearly say that two sets ܣ and ܣ ׫ ܤ belong to the same one-reducibility 
equivalence class but according to the lemma 4.7, they are not type-2 uniform. ᇝ 
 
Furthermore, in the section 3 we argued that two uniform sets do not belong necessarily to 
same “one-reducibility equivalence class”. Since two uniform sets are type-2 uniform, we 
can extend simply proposition 3.4 to type-2 uniformity. 
Proposition 4.10 Two type-2 uniform sets do not belong necessarily to same one-
reducibility equivalence class. 
Like of the corollary 3.5, we can deduce that two r.e. sets which belong to same Turing-
reducibility equivalence class, are not necessarily type-2 uniform. 
Now, we want to survey Theorem 3.6 by type-2 uniformity. This theorem says that if two 
r.e. sets ܣ and ܤ are uniform then they belong to same Turing-reducibility equivalence 
class. We prove in the following that this is true for type-2 uniformity too.   
Theorem 4.11 If two r.e. sets ܣ and ܤ are type-2 uniform then they belong to same 
Turing-reducibility equivalence class. 
Proof: ܣ and ܤ are type-2 uniform and thus according to the lemma 4.3, there are two 
finite sets ܣԢ ك ܣ and ܤԢ ك ܤ such that two sets ܣᇱᇱ ൌ ܣ െ ܣԢ and ܤᇱᇱ ൌ ܤ െ ܤԢ are 
uniform. According to the theorem 3.6, two sets ܣᇱᇱ, ܤԢԢ belong to same Turing-reducibility 
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equivalence class. Since ܣԢ and ܤԢ are recursive and ሾܣԢԢሿ் ൌ ሾܤԢԢሿ், two sets ܣ, ܤ belong 
to same Turing-reducibility equivalence class. ᇝ 
 
At last, we want to survey theorem 3.7. This theorem says that each Turing-reducibility 
equivalence class has infinite subsets of uniformity equivalence classes. This is not true for 
type-2 uniformity. Because in the following, we prove that ሾØሿ் contain only two type-2 
uniformity equivalence class.  
Lemma 4.12 There are only two type-2 uniformity equivalence classes such that they are 
subsets of the equivalence class ሾØሿ்.  
Proof: It is clear that every two finite sets are type-2 uniform even with different 
cardinalities but a finite set and an infinite recursive set are not type-2 uniform. This shows 
that there are two numbers of uniformity equivalence classes such that they are subsets of 
the equivalence classሾØሿ் . One of them is the set of all infinite recursive sets and another 
is the set of finite sets. □  
 
Now, consider a non-decidable r.e. set ܣ. According to the lemma 4.11, ሾAሿ~మ ك  ሾAሿ். 
How many type-2 uniformity equivalence classes are subsets of the ሾAሿ்? Consider an 
infinite recursive set ܤ ن ܣ. Based on the lemma 4.8, two sets ܣ and ܥ ൌ ܣ ׫ ܤ are not 
type-2 uniform sets. They belong to same Turing reducibility equivalence class ሾAሿ், i.e. 
ሾCሿ~మ ك  ሾAሿ். Therefore, for every recursively enumerable non-decidable set ܣ, there are 
at least two type-2 uniformity equivalence classes subsets of the ሾAሿ். 
Theorem 4.13 For every non-decidable r.e. set ܣ, there are infinite numbers of type-2 
uniformity equivalence classes such that they are subsets of equivalence classሾAሿ்.  
Proof: Since recursively enumerable Turing degrees are dense, there is a chain of non-
decidable r.e. sets ሼܣ௜ሽ௜אே such that for all ݅ א ܰ , ܣ௜ାଵ ൏் ܣ௜ and ܣ଴ ൌ ܣ and for distinct 
members of this sequence ܥ and ܦ, ܥ م ܦ . For all ݅, ݆ א ܰ, ሾܣ௜ሿ் ് ሾܣ௝ሿ் and thus based 
on the theorem 4.11, ሾܣ௜ሿ~మ ് ሾܣ௝ሿ~మ. Consider the increasing chain ሼܤ௜ ൌ ڂ ܣ௞଴ஸ௞ஸ௜ ሽ௜אே. 
For all ݅ א ܰ, ܤ௜ א ሾܣሿ். According to the lemma 4.8, for all ݅, ݆ א ܰ ܽ݊݀ ݅ ് ݆, ܤ௜ and ܤ௝ 
are not type-2 uniform. Then there are infinite numbers of type-2 uniformity equivalence 
classes such that they are subsets of the equivalence class ሾAሿ். □ 
 
5 Turing Output Binary Search Tree      
In computer science, a binary search tree (BST) is a binary tree data structure. In this 
structure, each node has a value and a total order is defined on these values. The left 
subtree of a node contains only values less than the node's value; the right subtree of a 
node contains only values greater than or equal to the node's value. The major advantage 
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of binary search trees over other data structures is that the related sorting algorithms and 
search algorithms such as in-order traversal can be very efficient. Binary search trees are 
a fundamental data structure used to construct more abstract data structures such as sets, 
multi-sets, and associative arrays. [5] 
We designed a new structure named “Turing Output Binary Search Tree” (abbreviated by 
“TOBST”) that is a binary search tree constructed for a given Turing machine on the basis 
of enumeration orders of its produced elements.   
Consider a Turing machine ܯ with related listing ݄: ك ܰ ՜ ܣ. This means this machine 
produces the elements of ܣ. For any ݅ א ܰ the notation TOBSTሺ௛,஺ሻ௜   denotes the 
construction result in step ݅. Note that the nodes of each TOBST are couple. For example, 
the node ሺ5, ݄ ሺ5ሻሻ shows that the fifth output element of ܯ is ݄ሺ5ሻ. In the following, we 
describe construction procedure of TOBST for an r.e. set ܣ with the related listing h.  
TOBSTሺ௛,஺ሻ
଴  is an empty tree. 
TOBSTሺ௛,஺ሻ
ଵ  is a tree with only one node ሺ1, ݄ሺ1ሻሻ. 
TOBSTሺ௛,஺ሻ
௡  is constructed based on TOBSTሺ௛,஺ሻ௡ିଵ  as follows: 
Insertion ሺ݊, ݄ሺ݊ሻሻ to TOBSTሺ௛,஺ሻ௡ିଵ  to obtain the TOBSTሺ௛,஺ሻ௡  is our aim and begins as 
search would begin; we examine the value of root and recursively insert the new 
node to the left sub tree if the new value ݄ሺ݊ሻ is less than the value of root, or the 
right sub tree the new value is greater than the value of root. (Note for all ݅ א ܰ the 
value of the node ൫݅, ݄ሺ݅ሻ൯ is ݄ሺ݅ሻ). 
The notation A୦୧  denotes the set A୦୧  ൌ {݄ሺ݅ሻ : i א ሼ1,2, … , ݅ሽሽ.              
We illustrate the concept of TOBST by the following example. 
Example 5.1 Consider ܣ ൌ ሼܽଵ, ܽଶ, ܽଷ, ܽସ, ܽହሽ such that for all  ݅, ݆ א ሼ1,2,3,4,5ሽ ݅ ൏ ݆ ՞
ܽ௜ ൏ ௝ܽ. In the following, we introduce three different Turing machines, which produce the 
elements of the set ܣ and show that TOBST of each of these machines are different.  
Consider ݄: ሼ1, … ,5ሽ ՜ ܣ is a listing of the set ܣ in which ݄ሺ݅ሻ ൌ ܽ௜, for all ݅ א ݀݋݉ሺ݄ሻ. 
Therefore, the usual order of outputs is ascendant. In the following, we show the 
construction procedure of its TOBST step by step; 
 
Figure 5.1 
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Consider ݄: ሼ1, … ,5ሽ ՜ ܣ is a listing of the set ܣ in which ݄ሺ݅ሻ ൌ ܽ଺ି௜, for all ݅ א
݀݋݉ሺ݄ሻ. The construction of its TOBST showed as follows;  
 
Figure 5.2 
 
Consider ݄: ሼ1, … ,5ሽ ՜ ܣ is the production index function of the set ܣ in which ݄ሺ1ሻ ൌ
ܽଷ, ݄ሺ2ሻ ൌ ܽହ, ݄ሺ3ሻ ൌ ܽସ, ݄ሺ4ሻ ൌ ܽଵ, ݄ሺ5ሻ ൌ ܽଶ. The construction of its TOBST showed 
as follows;  
 
Figure 5.3 
A set ܣ ك ܰ is recursive if, and only if, it has a monotonic listing. Based on this simple 
fact, it supports that ܣ is decidable if, and only if, it has a listing ݄ such that for all 
݅ א  ݀݋݉ሺ݄ሻ, TOBSTሺ௛,஺ሻ௜   is a right crisscross tree. 
Consider a listing ݄ of an r.e. set ܣ ك ܰ such that for all ݅ א ݀݋݉ሺ݄ሻ, TOBSTሺ௛,஺ሻ௜  is a left 
crisscross tree. Since in this case ݄ሺ1ሻ must be the maximum element of ܣ , ܣ is a finite 
set.  
 
We claim that TOBST structure extends our ability to define useful concepts.  
Definition 5.2 (Isomorphic listings in step i) Let ܣ and ܤ be r.e. sets. We called Listings 
݄ of ܣ and ݃ of ܤ isomorphic in step i if TOBSTሺ௛,஺ሻ௜  and TOBSTሺ௚,஻ሻ௜  are isomorphic trees.  
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We illustrate the above definition by following examples. First example shows two 
isomorphic listings that their related Turing machines produce the elements of a similar set 
and second example shows two listings that their related Turing machines produce 
different sets. 
Example 5.3 Consider ܤ ൌ ሼ1, 2, 5, 6, 7, 8, 14ሽ and a recursively enumerable set ܣ such 
that ܤ ك ܣ and two Turing machines ܯଵ and ܯଶ such that both produce the elements of ܣ 
with assigned listings ݄ଵ and ݄ଶ respectively. Assume that ݄ଵሺ1ሻ ൌ 7, ݄ଵሺ2ሻ ൌ 2, ݄ଵሺ3ሻ ൌ
5, ݄ଵሺ4ሻ ൌ 6, ݄ଵሺ5ሻ ൌ 14;  ܽ݊݀ ݄ଶሺ1ሻ ൌ 6, ݄ଶሺ2ሻ ൌ 8, ݄ଶሺ3ሻ ൌ 1, ݄ଶሺ4ሻ ൌ 2, ݄ଶሺ5ሻ ൌ 5. 
The figures 5.4 and 5.5 show the construction procedure of  TOBSTሺ௛ଵ,஺ሻହ  and TOBSTሺ௛ଶ,஺ሻହ  
respectively. 
 
 
Figure 5.4 
 
Figure 5.5 
 
As you see, two trees TOBSTሺ௛ଵ,஺ሻହ  and TOBSTሺ௛ଶ,஺ሻହ  are isomorphic, so two listings ݄ଵ 
and ݄ଶ are isomorphic in step 5. In addition, you can see that for any 1 ൏ ݅ ൏ 5  
TOBSTሺ௛ଵ,஺ሻ
௜  and TOBSTሺ௛ଶ,஺ሻ௜  are not isomorphic.  
Example 5.4 Let two sets ܣ and ܤ be recursive such that 
ሼ7,2,5,6,14ሽ ك ܣ and ሼ6,8,1,2,5ሽ ك B. Consider two listings ݄ of ܣ and ݃ of ܤ such that 
݄ሺ1ሻ ൌ 7, ݄ሺ2ሻ ൌ 2, ݄ሺ3ሻ ൌ 5, ݄ሺ4ሻ ൌ 6, ݄ሺ5ሻ ൌ 14 and ݃ሺ1ሻ ൌ 6, ݃ሺ2ሻ ൌ 8, ݃ሺ3ሻ ൌ
1, ݃ሺ4ሻ ൌ 2, ݃ሺ5ሻ ൌ 5. It is clear that TOBSTሺ௛,஺ሻହ  and TOBSTሺ௚,஻ሻହ  are isomorphic trees. 
Therefore ݄ and ݃ are isomorphic in step 5. □ 
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TOBST is a proper tool for visualizing relationship between usual order and enumeration 
orders in Turing machines and help us to show some ideas properly and define new 
concepts. By this concept, we can transfer all the concepts mentioned in the previous 
sections such as uniformity to trees. For instance in the following we transfer the concept 
of uniformity on listings. Other concepts can transfer to trees easily.   
Proposition 5.5 (uniform listings with TOBST) two listings ݄ of ܣ and ݃ of ܤ are 
uniform if, and only if, for all ݅ א ܰ, TOBSTሺ௛,஺ሻ௜  and TOBSTሺ௚,஻ሻ௜  are isomorphic trees. 
We can replicate this transferring for other introduced concepts about uniformity. On the 
other hand, we can introduce some valuable concepts by TOBST such as the definition 5.2.  
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